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Abstract
In “New Proofs of the structure theorems for Witt Rings”, the first
author shows how the standard ring-theoretic results on the Witt ring
can be deduced in a quick and elementary way from the fact that the
Witt ring of a field is integral and from the specific nature of the explicit
annihilating polynomials he provides. We will show in the present article
that the same structure results hold for larger classes of commutative rings
and not only for Witt rings. We will construct annihilating polynomials
for these rings.
1 Introduction
Using his theory of multiplicative forms, Pfister obtained in 1966 several struc-
ture theorems for Witt rings of quadratic forms over fields. The proofs of these
results were later simplified and Harrison, Leicht and Lorenz added different
results concerning the ideal theory of these rings. In 1987, the first author
produced polynomials annihilating all non-singular quadratic forms of a given
dimension in the Witt ring. He showed that the structure results also follow
from the fact that the Witt ring is integral and the specific form of the poly-
nomials. The main goal of this article is to obtain these structure theorems for
more general classes of rings.
In the second section we will look at commutative rings R additively gen-
erated by a subset of this ring R. The elements of this subset being zeros of
a polynomial q(X) with integer coefficients. In these rings R, which we will
call annihilating polynomial rings or AP rings for short, one can define a length
map ℓ : R→ N and construct polynomials pn(X) ∈ Z[X ] in such a way that all
elements of length n are annihilated by pn(X). We will give many examples of
AP rings.
In the third section we will obtain structure results for all AP rings and in
the fourth section we will look at AP rings with generating polynomial q(X) =
X2
n
− 1. We will show a close relationship between the signatures and the
prime ideals in these rings and assuming an extra ’admissible’ condition on AP
rings we will be able to produce the complete classification of the spectrum, in
analogy to the work of Harrison, Leicht and Lorenz on the spectrum of Witt
rings. Finally, looking at the specific nature of the prime ideals in these AP
rings, we will obtain an analogue of Pfister’s local-global principle.
In the last section we will construct the annihilating polynomials for differ-
ent choices of q(X).
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2 Annihilating polynomial rings
2.1 Definition
Let q(X) be a monic polynomial with integer coefficients. Let R be a commu-
tative ring and S a subset, such that
(R1) R is additively generated by the subset S ⊆ R and
(R2) q(s) = 0 for all s ∈ S.
A commutative ring R satisfying the conditions (R1) and (R2) will be called an
annihilating polynomial ring or AP ring for short. S will be called a generating
set and q(X) a generating polynomial for the AP ring R.
The condition (R1) enables us to introduce a notion of length. Given an el-
ement r ∈ R we denote by ℓS(r) the least number l such that it is possible to
write r as a sum of l elements of S, i.e. r =
∑l
i=1 ǫiai with ǫi = ±1, ai ∈ S;
we call ℓS(r) the length of r (with respect to S). In this way, we have defined a
map ℓS : R −→ N which we shall call the length map of R relative to S.
We will write ℓ(r) for short if the choice of the generating set S for the ring R
is clear.
Recall this general proposition for commutative rings.
Let q1(X), q2(X), . . . , qn(X) be monic polynomials with integer coefficients and
such that none of the qi(X) has a multiple root in the complex numbers C.
Write Ri for the set of roots of qi(X) in C and Tn for the set of all complex
numbers expressible in the form σ =
∑n
i=1 ǫiσi where ǫi = ±1, σi ∈ Ri for each
i. We write pn(X) =
∏
σ∈Tn
(X − σ) which is a monic polynomial with integer
coefficients, without multiple roots. We have the following
Proposition 2.1. [Lewis] Let R be a commutative ring. Let x1, x2, . . . , xn be
elements of R such that qi(xi) = 0 for i = 1, 2, . . . , n and let x =
∑n
i=1 ǫixi
where ǫi = ±1. Then pn(x) = 0 in R.
Proof. See [8].
Let R be an AP ring with generating polynomial q(X). Let T1 denote the
set of roots of q(X) in C and Tn the set of complex numbers expressible in the
form σ =
∑n
i=1 ǫiσi where ǫi = ±1, σi ∈ T1. Put pn(X) =
∏
σ∈Tn
(X − σ). We
have:
Corollary 2.2. Let R be an AP ring. Every element of length n is annihilated
by pn(X) in R. In particular, R is integral.
Proof. Let r be an element of length n in the AP ring R with generating set S
and generating polynomial q(X). Then there exist elements a1, a2, . . . , an ∈ S
such that r =
∑n
i=1 ǫiai, ǫi = ±1 and q(a1) = q(a2) = . . . = q(an) = 0. From
the previous proposition it follows that pn(r) = 0.
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Before giving examples of AP rings, let us give an example of constructing
an annihilating polynomial.
Let R be an AP ring with generating polynomial q(X) = X2 − 1. The roots
of the generating polynomial are −1 and 1. The possible values for the sum
of n elements out {−1, 1} lie in {−n,−n + 2, . . . , n − 2, n}. The annihilating
polynomial for an element of length n is thus the n-th Lewis polynomial
pn(X) = (X − n)(X − (n− 2)) . . . (X + (n− 2))(X + n).
Further examples of constructing the annihilating polynomial for a given AP
ring will be given in section 5.
2.2 Examples of AP rings
(i) Z is an AP ring. It is additively generated by S = {−1, 1} and we can
take the generating polynomial q(X) = X2 − 1.
(ii) A product
∏
Z of finitely many copies of Z is an AP ring.
It is generated by the elements S = {±ei} where ei has a 1 in the i-th
place and zero elsewhere, and we can take q(X) = X3−X as a generating
polynomial.
(iii) Let G be an abelian group of finite exponent n. The group ring Z[G] is an
AP ring with generating set S = G. Since every element has finite order
n, we can take q(X) = Xn − 1 as the generating polynomial.
(iv) Let K be an ideal in the AP ring R. Then R/K is a AP ring as well, with
generating set S/K. If q(X) is a generating polynomial for the AP ring
R, then q(X) is a generating polynomial for R/K as well. Examples are
Zn, abstract Witt rings (see [10]),. . .
(v) Witt-Grothendieck Wˆ (F ) and Witt rings W (F ) of quadratic forms over
fields F (see [6] or [11] for further details on quadratic forms and Witt
rings).
Let F be a field of characteristic not 2. Consider the group ring Z[F ∗/F ∗
2
]
and the canonical ring homomorphism
π : Z[F ∗/F ∗
2
] −→ Wˆ (F )
defined by α 7→ 〈α〉 for α ∈ F ∗/F ∗
2
. π is surjective since every bilinear
space is an orthogonal sum of 1-dimensional ones and therefore
Wˆ (F ) ∼= Z[F ∗/F ∗
2
]/ker(π).
The fact that Wˆ (F ) is an AP ring follows from examples (iii) and (iv)
and we can take q(X) = X2 − 1.
W (F ) is the quotient ring of Wˆ (F ) by the ideal generated by the hyper-
bolic spaces {n[H] | n ∈ Z}. By example (iv), W (F ) is an AP ring with
generating polynomial q(X) = X2 − 1.
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(vi) Witt rings of higher level (see [4]).
Let F be a field of characteristic not 2. Denote by 〈α〉n the class αF ∗
2
n
in F ∗/F ∗
2
n
and consider the ideal Rn(F ) of Z[F
∗/F ∗
2
n
] generated by
〈1〉n + 〈−1〉n and (
∑2n−1
i=0 〈α
i〉n)(1− 〈1 + α〉n) for all α ∈ F ∗.
The ring Wn(F ) := Z[F
∗/F ∗
2
n
]/Rn(F ) is called the Witt ring of level n
of F and is an AP ring with generating polynomial q(X) = X2
n
− 1.
(vii) Products and tensor products of finitely many AP rings are AP rings. If
q1(X), q2(X), . . . , qn(X) are generating polynomials for respectively
R1, R2, . . . , Rn then q(X) =
∏n
i=1 qi(X) is a generating polynomial for
R1 ×R2 × . . .×Rn and for R1 ⊗R2 ⊗ . . .⊗Rn.
(viii) The Burnside ring of a finite group (see [13] for further details on Burn-
side rings). Let G be a finite group. The set of isomorphism classes of
finite G-sets form a commutative associative semi-ring Ω+(G) with unit
under disjoint union and cartesian product. The Grothendieck ring Ω(G)
constructed from this semi-ring is called the Burnside ring of G.
Additively, Ω(G) is the free abelian group on isomorphism classes of tran-
sitive G-sets. Equivalently, an additive Z-basis for Ω(G) is given by the
[G/H ] in Ω(G) where (H) runs through the set C(G) of conjugacy classes
of subgroups of G.
There exist an injective ring homomorphism
ϕ : Ω(G) −→
∏
(H)∈C(G)
Z
induced by
T 7−→ (|TH | | (H) ∈ C(G))
where |TH | denotes the number of elements of the G-set T fixed under H .
Each generator y = [G/H ] of Ω(G) maps to an element (n1, n2, . . . , nk)
(k = |C(G)|) and this is annihilated in
∏k
i=1 Z by the polynomial qy(X) =∏k
i=1(X − ni). By the injectivity of the above ring homomorphism ϕ,
qy(X) annihilates y in Ω(G). Let q(X) =
∏
qy(X), the product taken
over S, the finite set of generators y of Ω(G). Then Ω(G) is an AP ring
with generating polynomial q(X).
(ix) Witt ring of a central simple algebra In [9] the first author and Tignol
define this ring as a quotient of a group ring of abelian groups of exponent
two. They generalize the notion of Witt ring of a skew field done earlier
by Craven and Sladek (see [2] and [12]). All these Witt rings are AP rings
with generating polynomial q(X) = X2 − 1. Note that this immediately
implies that the Lewis polynomials annihilate the elements of these rings.
In the next section we will obtain structure results for these AP rings using
the fact that these rings are integral and the specific nature of the annihilating
polynomials.
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3 Structure theorems for AP rings
We will start this section with investigating the spectrum of AP rings.
Let us fix the following notations first.
NilR is the nilradical of R, i.e. set of nilpotent elements of R, NilR = ∩P
where P runs through all the prime ideals of R.
Rt is the torsion subgroup of the additive group of R.
SpecR is the set of prime ideals of R.
MaxR and MinR are the subsets of SpecR consisting of the maximal ideals
and minimal prime ideals of R respectively.
Lemma 3.1. Let R be an AP ring. Then
(i) A prime ideal P of R is maximal if and only if there is a rational prime
p with p · 1R ∈ P .
(ii) If Rt ⊂ NilR then a prime ideal P of R is minimal if and only if P ∩Z =
0, maximal otherwise, and every maximal ideal of R properly contains a
minimal prime ideal.
(iii) NilR ⊂ Rt.
Proof.
(i),(ii) Since every AP ring R is integral over Z, this follows from [5, Lemma 2.5.].
(iii) Let r ∈ NilR and let k ∈ N be such that rk = 0 and rk−1 6= 0. Since R is
an AP ring, r is annihilated by some pn(X). Write r
n + an−1r
n−1 + . . .+
a1r + a0 = 0 where ai ∈ Z. Suppose that ai is the non-zero number of
lowest index (i = 0 or i = 1 since pn(X) has no multiple roots (see 2.1)).
Multiplying the above equation with rk−i−1 (k − i − 1 ≥ 0, since k ≥ 2)
yields air
k−1 = 0. Using this and multiplying the equation with air
k−i−2
we obtain a2i r
k−2 = 0. Repeating this process will give ak−1i r = 0, i.e.
r ∈ Rt.
Let R be an AP ring with generating polynomial q(X) and a multiplicatively
closed generating set S. Suppose R is of the form
⊕
s∈S Zs. Let χ be a (monoid-
)morphism of S into C,
χ : S −→ C,
mapping 1 to 1. Remark that for every s ∈ S, χ(s) will be a root of q(X).
Let K be the field generated over Q by all the roots of q(X) (i.e. by all the
χ(s)) and let C be the integral closure of Z in K. Every morphism χ of S to C
extends to a ring homomorphism
φχ : R −→ C
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in the obvious way by defining
φχ(
∑
aisi) =
∑
aiχ(si) for all ai ∈ Z, si ∈ S.
The spectrum of R =
⊕
s∈S Zs is completely determined by the following
lemma.
Lemma 3.2. The minimal prime ideals of R =
⊕
s∈S Zs are the kernels Pχ
of the morphisms φχ : R −→ C. The maximal ideals of Z[S] are of the form
Mχ,p = φ
−1
χ (p) where p is a non-zero (and thus maximal) prime ideal of C.
Proof. The proof of [5, Lemma 3.1.] extends in an obvious way from abelian
torsion groups G to sets S and the assertion follows.
A signature σ ofR is a (necessarily surjective) ring homomorphism σ : R −→ Z.
We call a prime ideal P a signature ideal of R if R/P is isomorphic to Z. We
will call X(R) = {P | P a signature ideal of R} the space of signatures of R.
Proposition 3.3.
Let R =
⊕
s∈S Zs be the AP ring generated by q(X). If q(X) has all its roots
in Z then
Spec(R) = Min(R) ∪Max(R)
where
Min(R) = X(R)
and
Max(R) = {P + pR | P ∈ X(R), and p a rational prime}.
Proof. q(X) has all its roots in Z, so χ(s) ∈ Z for all s ∈ S. Using the above
notation we get that C = Z and K = Q. All the minimal prime ideals, as kernels
of homomorphisms of R =
⊕
s∈S Zs to Z are the signature ideals of R.
Since all the maximal ideals of Z are of the form pZ, the maximal ideals of R
are of the form P + pR, where P ∈ X(R).
The Burnside ring Ω(G) of a finite group G satisfies the conditions of the
previous proposition (see example (viii)). For a subgroup U ≤ G and a G-set
S the map S 7→ #SU (i.e. the number of elements in S invariant under U)
extends to a ring homomorphism φU : Ω(G) −→ Z. Define for p being 0 or
a prime number the prime ideal p
U,p
= {x ∈ Ω(G) |#xU ≡ 0 mod 2}. Since
X(Ω(G)) = {ker(φU ) | U ≤ G} we can retrieve Dress’ result on the description
of the spectrum of the Burnside ring Ω(G):
Proposition 3.4 (Dress). (see [3, Proposition 1.]) One has p
U,p
⊂ p
V,q
if and
only if p = q and p
U,p
= p
V,q
or p = 0, q 6= 0 and p
U,q
⊂ p
V,q
. Especially, p
U,p
is
minimal, respectively maximal, if and only if p = 0, respectively p 6= 0.
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4 AP rings with generating polynomial X2
k
− 1
We will now take a closer look at AP rings with generating polynomial q(X) =
X2
k
−1 and a group S = G as a set of generators. We will obtain some additional
structure theorems.
Consider I := 〈1 − a | a ∈ G〉. We will call this ideal the fundamental ideal of
R.
Observe that for any AP ring R, |R/I| ≤ 2, since every element is a sum of an
even or an odd number of elements of G ∪−G.
Proposition 4.1. Let R be an AP ring with generating polynomial X2
k
−1 and
a group S = G as a set of generators. The following conditions are equivalent :
(i) R does not have odd characteristic.
(ii) |R/I| = 2.
(iii)
∑m
i=1 εiai = 0, ai ∈ G⇒ m ∈ 2Z.
Proof.
(iii)⇒ (ii) : Suppose |R/I| = 1, then 1 ∈ I and we have 1 +
∑
i εi(ai − 1) = 0,
contradicting (iii).
(ii)⇒ (i) : Suppose R has odd characteristic k and let r ∈ R. Then either r ∈ I
or r = r + k ∈ I implying |R/I| = 1, a contradiction.
(i)⇒ (iii) : Assume r =
∑m
i=1 ai = 0 with m odd. Since pm(r) = 0 this implies
that pm(0) = 0 in R contradicting the fact that R has even characteristic. See
also lemma 5.2.
Any AP ring R which satisfies the conditions of the previous proposition will
be called admissible.
These admissibility conditions are not always satisfied, e.g. Z/nZ is an AP
ring for all n ∈ N, but is only admissible if n is even.
Consider the Arason-Pfister property AP (k)
If r = a1 + a2 + . . .+ an ∈ I
k, with ai ∈ G ∪ −G, n < 2
k, then r = 0.
We have the following
Proposition 4.2. An AP ring is admissible if and only if AP (1) holds.
Let R be an admissible AP ring. The unique isomorphism R/I ∼= Z/2Z induces
a homomorphism
℘ : R→ Z/2Z
r 7→ ℘(r) ≡ ℓ(r) mod 2, ∀r ∈ R.
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Proposition 4.3. Let R be an admissible AP ring. Then the fundamental ideal
I is the only prime ideal of index 2 in R.
Proof. Suppose P is a prime ideal of index 2. For every generating element a we
have 0 = (1+a2
k−1
)(1−a2
k−1
) ∈ P . Since 2 ∈ P , this implies that 1−a2
k−1
∈ P .
Using this observation we obtain finally that 1− a ∈ P . Since 1− a are exactly
the generators for I, we get I ⊆ P and thus I = P by maximality of I.
From now on we look at the special case k = 1, i.e. where R is an AP ring
with generating polynomial q(X) = X2 − 1.
Remark 4.4. AP rings satisfying these conditions are for example Witt rings
of fields, Witt rings of central simple algebras and abstract Witt rings.
Proposition 4.5. Let R be an AP ring with generating polynomial q(X) =
X2 − 1. If P is a prime ideal of R, then either P is of finite index which is a
prime number, or R/P is isomorphic to Z
Proof. Let P be a prime ideal in R. Since R/P is an integral domain and
(a − 1)(a + 1) = 0 for all a ∈ G, we have that a = 1 + P or a = −1 + P for
all a ∈ G. Since R is additively generated by G, we have that R/P is cyclic
generated by 1 + P . If the characteristic of the integral domain R/P is p, then
P is of finite index p in R. Otherwise, the characteristic of R/P is 0 and so
R/P is isomorphic to Z.
Proposition 4.6. Let R be an AP ring with generating polynomial q(X) =
X2−1. There is a canonical one-to-one correspondence between signature ideals
in R and the different signatures of R.
Proof.
Let σ be a signature of R. It is clear that ker(σ) is a signature ideal in R.
Conversely, suppose that P is a signature ideal of R. The isomorphismR/P ∼= Z
induces an unique homomorphism R→ Z with kernel P .
Let P be a signature ideal of R and consider the obvious prime ideals of finite
index p, namely P + pR. We will show that these ideals are the only prime
ideals of finite index in R. Let us first recall the following result:
Lemma 4.7. Let R be an AP ring with generating polynomial q(X) = X2 − 1
and assume X(R) 6= ∅. Then P + pR is the unique prime ideal of finite index
p, containing the signature ideal P.
Moreover, these ideals are the only ideals of finite index p different from 2 since:
Lemma 4.8. Let R be an AP ring with generating polynomial q(X) = X2 − 1
and assume X(R) 6= ∅. Let Q be a prime ideal of finite index p 6= 2. Then
Q = P + pR for some signature ideal P ∈ X(R).
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Proof. We will construct a signature σ : R −→ Z such that P = ker(σ) and
P ⊂ Q. The above lemma will then complete the proof.
Let M be the minimal prime ideal such that M ⊂ Q. Since a2 = 1, for all
a ∈ G, we have a − 1 ∈ M or a + 1 ∈ M. Define σM : G → {−1,+1} for all
a ∈ G by
σM(a) =
{
−1, if a+ 1 ∈ M
+1, if a− 1 ∈ M.
(1)
Define σ : R→ Z for all r =
∑k
i=1 εiai ∈ R, where εi = ±1, ai ∈ G by
σ(r) =
k∑
i=1
εiσM(ai).
We claim that σ is a well-defined signature of R. Proof of claim:
Suppose r =
∑k
i=1 εiai = 0 ∈ R. Then
σ(r) =
k∑
i=1
εiσM(ai)
=
k∑
i=1
εi(ai − σM(ai))
∈M∩ Z.
Since the AP ring R is integral over Z, any minimal prime ideal of R lies over Z,
i.e. M∩Z = {0}. So σ(r) = 0 and σ is well-defined. Further, it is obvious that
σ(1) = 1 and σ(r1 + r2) = σ(r1) + σ(r2), for all r1, r2 ∈ R, from the definition
of σ. To show that σ(r1r2) = σ(r1)σ(r2), for all r1, r2 ∈ R, observe that it is
sufficient to show that σM(ab) = σM(a)σM(b), for all a, b ∈ G.
(a − σM(a))(b − σM(b)) = ab − σM(a)b − σM(b)a + σM(a)σM(b) ∈ M. Since
σM(a)b − σM(a)σM(b) ∈ M and σM(b)a − σM(b)σM(a) ∈ M, we have
ab− σM(a)σM(b) ∈M, i.e. σM(a)σM(b) = σM(ab).
Finally, consider the signature ideal P = {r ∈ R|σ(r) = 0}.
For r =
∑k
i=1 εiai ∈ P , we have
∑k
i=1 εiσM(ai) = 0 . This implies (that k is
even and) that one half of the εiσM(ai) equals −1 and the other half equals +1.
Without loss of generality we can assume that εiσM(ai) = −1 for 1 ≤ i ≤ k/2
and εiσM(ai) = +1 for k/2 < i ≤ k . We can rewrite
r =
k∑
i=1
εiai
=
k∑
i=1
εi(ai − σM(ai))
∈M
So P ⊂M ⊂ Q .
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This brings us to the complete classification of the prime ideal spectrum of an
admissible AP ring R, denoted Spec(R) :
Proposition 4.9.
Let R be an admissible AP ring with generating polynomial q(X) = X2 − 1.
If X(R) = ∅, then Spec(R) = {I}.
Otherwise Spec(R) = Min(R) ∪Max(R) where Min(R) = X(R) and Max(R) =
{I} ∪ {P + pR | P ∈ X(R), p odd prime}.
In particular, R is a local ring if and only if X(R) = ∅.
The admissible AP ring R is a local ring if, and only if, I is the only prime
ideal in R. Otherwise a prime ideal of R is either a minimal prime ideal or
a maximal ideal. The minimal prime ideals are the ideals in Min(R). The
maximal ideals are the ones given by Max(R).
We will determine the following objects, which are very useful to determine
the structure of a ring R:
⋆ Nil(R), the nil radical of R, consisting of all nilpotent elements of R,
⋆ Jac(R), the Jacobson radical of R, the intersection of all maximal ideals
of R,
⋆ R×, the units (or invertible elements) of R,
⋆ Zd(R), the zerodivisors in R (including the zero element),
⋆ the idempotents in R and
⋆ Rt, the torsion elements of R.
We will make a distinction between two cases, namely X(R) = ∅ and X(R) 6= ∅.
From now on, R will denote an admissible AP ring.
4.1 X(R) = ∅
In this case I is the only prime (and thus the maximal) ideal in R, which makes
R a local ring.
Since Nil(R) is the intersection of all prime ideals in R, we get Nil(R) = I.
Obviously, Jac(R) = I, as it is the only maximal ideal.
In a local ring R, with unique maximal ideal I, the multiplicative group of
invertible elements consists of the elements in R \ I.
For a commutative ring R, the set of zerodivisors, Zd(R), is the union of a cer-
tain set of prime ideals in R. Given a zerodivisor z ∈ Zd(R), the prime ideal P
containing z is the prime ideal P , maximal in the sense that (R\Zd(R))∩P = ∅.
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That Zd(R) = I follows from the observation that I = Nil(R) ⊆ Zd(R) and that
R \ I = R× ⊆ R \ Zd(R).
The only idempotents are the trivial ones, i.e. 0 and 1. This follows from
the observation that for e ∈ R one has e ∈ I or e − 1 ∈ I. Since Zd(R) = I, we
have e(e− 1) = 0 implying e− 1 = 0 or e = 0 respectively. So R is a ’connected’
ring.
Since I = Nil(R), we have 2 = 1 + 1 ∈ Nil(R). So there exists a natural
number k, such that 2k = 0 in R. This implies that 2k r = 0, ∀r ∈ R. So
Rt = R.
These results can be summarized in the following
Proposition 4.10. Let R be an admissible AP ring with generating polynomial
q(X) = X2 − 1 and assume that X(R) = ∅.
Then all elements in R are torsion elements. Moreover, for an element r ∈ R,
the following conditions are equivalent :
(i) r ∈ I,
(ii) r is nilpotent,
(iii) r is a zerodivisor,
(iv) r is not invertible,
(v) r belongs to every prime ideal in R.
4.2 X(R) 6= ∅
In this case I is not the only (maximal) prime ideal in R and R is not a local
ring.
For every prime p and every signature ideal P ∈ X(R), P + pR is another max-
imal ideal.
For a given signature ideal P the intersection, ranging over all primes p, of
P + pR is just P . This implies that
Jac(R) =
⋂
P∈X(R),p prime
P + pR =
⋂
P∈X(R)
P = Nil(R).
First remark that Rt ⊆ Nil(R) = Jac(R). Suppose that r ∈ Rt and
r /∈ P+pR for some P ∈ X(R), p prime. Consider the ideal J = (P+pR+rR).
Since P + pR is maximal, J = R. So, 1 = s+ rt, for some s ∈ P + pR, t ∈ R.
Let k ∈ N such that kr = 0, then we have k = ks ∈ P + pR. Since P + pR has
finite index p, this implies p|k, and so r ∈ P + pR, a contradiction.
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Every nilpotent element is even (l(rk) ≡ l(r)k mod 2). Suppose that r ∈
Nil(R) and l(r) = n, n even. Then pn(r) = 0 i.e.
rn+1 + cn−1r
n−1 + . . .+ c3r
3 + c1r = 0, where c1 6= 0.
If rk = 0, rk−1 6= 0 then multiplying the equation by rk−3 yields c1rk−2 = 0.
Multiplying the equation by c1r
k−5 then yields c21r
k−4 = 0. Repeating this
process will give cl1r = 0 for some l ∈ N. So r ∈ Rt.
This concludes that
Rt = Nil(R) = Jac(R) =
⋂
P∈X(R)
P .
The unit group R× = {r ∈ R | σ(r) = ±1, for all signatures σ of R}. This
can be seen as follows:
If r ∈ R× then there exists an s ∈ R such that rs = 1. This implies that
σ(r)σ(s) = 1 and since σ(r) ∈ Z we have σ(r) = ±1. On the other hand,
suppose that σ(r) = ±1 for all signatures σ of R. Then we have σ(r2−1) = 0 for
all σ. So, r2−1 ∈
⋂
P
P = Nil(R). There exists a k ∈ N such that (r2−1)k = 0.
Now (r2 − 1) nilpotent implies r2 invertible, i.e. r ∈ R×.
Recall that for a commutative ring R, the set of zerodivisors, Zd(R), is the
union of a certain set of prime ideals in R. We will first show that
⋃
P∈X(R) P ⊆
Zd(R). Suppose that r ∈ P ∈ X(R). Then pn(r) = 0 for some n even. This
implies that r[(r − n) . . . (r − 2)(r + 2) . . . (r + n)] = 0. Since σ((r − n) . . . (r −
2)(r + 2) . . . (r + n)) 6= 0 we have r ∈ Zd(R).
Denote by Rt,p the subset of Rt consisting of the p-torsion elements of R. If
Rt,p 6= { 0}, then p ∈ P + pR is a zerodivisor, implying that P + pR ⊆ Zd(R).
Since all the signature ideals P ⊆ P + pR, we have Zd(R) =
⋃
P∈X(R) P when
Rt = { 0} and Zd(R) =
⋃
P∈X(R),p primeP + pR for all p prime such that
Rt,p 6= { 0}. Since P ⊆ I = P2 for all P ∈ X(R), we have Zd(R) ⊆ I and
the same arguments hold as in the case X(R) = ∅ to prove that R is a ’con-
nected’ ring, i.e. 0 and 1 are the only idempotents.
These results can be summarized in the following propositions:
Proposition 4.11. Let R be an admissible AP ring with generating polynomial
q(X) = X2 − 1 and assume that X(R) 6= ∅.
Then for an element r ∈ R, the following conditions are equivalent :
(i) r is a torsion element ,
(ii) r is nilpotent,
(iii) r belongs to every prime ideal in R,
(iv) r belongs to every signature ideal in R.
The equivalence (i)⇔ (iv) is in fact Pfister’s local-global principle.
The set of zerodivisors is completely described by the following
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Proposition 4.12. Let R be an admissible AP ring with generating polynomial
q(X) = X2 − 1 and assume that X(R) 6= ∅.
If R is torsion-free then Zd(R) =
⋃
P∈X(R) P, the union of all signature ideals
in R.
Otherwise, Zd(R) =
⋃
P∈X(R),p(P + pR), for p prime such that R has non-zero
p-torsion.
5 Constructing annihilating polynomials
We will construct annihilating polynomials for AP rings for different choices of
the generating polynomial q(X).
5.1 q(X) = X2 − 1
This is the well-known case described in [8]. The roots of the generating poly-
nomial are −1 and 1. The possible values for the sum of n elements out {−1, 1}
lie in {−n,−n+2, . . . , n− 2, n}. The annihilating polynomial for an element of
length n is thus the n-th Lewis polynomial
pn(X) = (X − n)(X − (n− 2)) . . . (X + (n− 2))(X + n).
5.2 q(X) = X4 − 1
Write R1 = {−1, 1,−i, i} for the set of roots of q(x) = x4 − 1 in C. Denote by
Rj the subset of the complex numbers C consisting of sums of j elements of R1.
Since 0 ∈ R2 we have Rn ⊂ Rn+2 for all n ∈ N∗. Consider Dn = Rn \Rn−2 for
n > 2. Put D1 = R1 and D2 = R2.
Now define the monic integer polynomial tn(X) ∈ Z[X ] as follows:
tn(x) = (x
4 − n4)
∏
a+b=n
a,b∈N∗
(x4 − 2(a2 − b2)x2 + (a2 + b2)2)
t1(x) = x
4 − 1
t2(x) = (x
4 − 16)(x4 + 4)
t3(x) = (x
4 − 6x2 + 25)(x4 + 6x2 + 25)
t4(x) = (X
4 − 256)(x4 − 16X2 + 100)(x4 + 64)(x4 + 16X2 + 100)
Lemma 5.1. The polynomial tn(x) has the property that tn(z) = 0 for all
z ∈ Dn.
Proof. For n > 1, this follows from the observation that
Dn = {a+ bi ∈ Z[i] : |a|+ |b| = n}.
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Now we are able to construct the annihilating polynomial pn(x). Since Rn ⊂
Rn+2 and 0 ∈ R2n for all n ∈ N∗ it follows that:
For n even pn(x) = tn(X)tn−2(X) . . . t2(X)X.
For n odd pn(x) = tn(X)tn−2(X) . . . t1(X).
A few examples:
p1(x) = x
4 − 1
p2(x) = x(x
4 − 16)(x4 + 4)
p3(x) = (x
4 − 1)(x4 − 6x2 + 25)(x4 + 6x2 + 25)
p4(x) = x(x
4 − 16)(x4 + 4)(X4 − 256)(x4 − 16X2 + 100)(x4 + 64)(x4 + 16X2 + 100)
Elements in the Witt ring of level 2 of dimension n will be annihilated by pn(X).
5.3 q(X) = X2
k
− 1
Let R be an AP ring with generating polynomial q(X) = X2
k
− 1. The set
of roots of q(X) is generated by a primitive 2k-th root of unity ζ. In general
it is very difficult to find an explicit expression for the annihilating polynomial
pn(X) but we will obtain some properties. We prove the following
Lemma 5.2. Let R be an AP ring with generating polynomial q(X) = X2
k
− 1
and let pn(X) be the annihilating polynomial. Then pn(0) is odd whenever n is
odd.
Proof. Let R1 = {ζ, ζ
2, . . . , ζ2
k
} be the set of roots of q(X) = X2
k
− 1 in C and
let Ri be the subset of the complex numbers C consisting of sums of i elements
of R1. Note that
Rn = {
2k∑
i=1
aiζ
i | ai ∈ N
∗ and
2k∑
i=1
ai = n}.
Put P :=
∏
σ∈Rn
σ.
Since ζj = −(1− ζ)(1 + ζ + . . .+ ζj−1) + 1 it follows that
P = nl + (1 − ζ)m(ζ)
for some complex function m and l = #Rn. Then
P 2
k
= nl·2
k
+ 2m′(ζ)
for some rational valued function m′ (since P ∈ Z). It follows that P is odd
whenever n is odd. The result now follows, since pn(0) | P .
The following lemma will provide us an upper bound on the degree of the
annihilating polynomials.
Lemma 5.3. Let R be an AP ring with generating polynomial q(X) = X2
k
− 1
and let pn(X) be the annihilating polynomial. Then deg pn(X) ≤ 2n−1(2k −
1) + 1.
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Proof. To determine the degree of the annihilating polynomial pn(X) we have
to calculate the number of different elements in the set
Rn = {
2k∑
i=1
aiζ
i | ai ∈ N
∗ and
2k∑
i=1
ai = n}.
We write
2k∑
i=1
aiζ
i =
2k−1∑
i=1
(ai − a
′
i)ζ
i
where a′i = a2k−1+i
=
2k−1∑
i=1
biζ
i (1)
where bi > 0
+
2k−1∑
i=1
b′iζ
i (2)
where b′i < 0
+ 0.
The number of elements in (1) and (2) are for symmetry reasons the same and
it follows that #Rn = 2×#Rn−1 − 1.
Since #R1 = 2
k, we obtain that deg pn(X) ≤ #Rn = 2n−1(2k − 1) + 1.
An example of an AP ring with generating polynomial X2
k
− 1 is a Witt
rings of level k as defined in [4].
5.4 q(X) = X2 − 2kX
Write R1 = {0, 2k} for the set of roots of q(x) = x2 − 2kX in C. Denote by Rn
the subset of the complex numbers C consisting of sums of n elements of R1.
So Rn = {0, 2k, 2 · 2k, . . . , n · 2k} and pn(X) is given by
pn(X) = X(X − 2
k)(X − 2 · 2k) . . . (X − n · 2k).
An example of an AP ring with generating polynomial X2 − 2kX is for
example the subring of the Witt ring additively generated by all k-fold Pfister
forms of this Witt ring. In this setting, pn(X) will annihilate all sums of n
k-fold Pfister forms.
5.5 Table of Marks
The table of marks of a finite group G, as introduced by Burnside in his classic
theory of groups of finite order [1], is a matrix whose rows and columns are
labeled by the conjugacy classes of subgroups of G and where for two subgroups
H1 and H2 the (H1, H2)-entry is the number of fixed points of H2 in the tran-
sitive action of G on the cosets of H1 in G. This table of marks is sometimes
called a Burnside matrix. If n1, n2, . . . , nk ∈ N are the different entries in
the table of marks of a group G, then, by example 2.2.(viii), the polynomial
q(X) =
∏k
i=1(X − ni) is a generating polynomial for the Burnside ring Ω(G).
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Example 5.4. The table of marks of the alternating group A5 is given by
e C2 C3 V4 C5 S3 D10 A4 A5
e 60 0 0 0 0 0 0 0 0
C2 30 2 0 0 0 0 0 0 0
C3 20 0 2 0 0 0 0 0 0
V4 15 3 0 3 0 0 0 0 0
C5 12 0 0 0 2 0 0 0 0
S3 10 2 1 0 0 1 0 0 0
D10 6 2 0 0 1 0 1 0 0
A4 5 1 2 1 0 0 0 1 0
A5 1 1 1 1 1 1 1 1 1
The generating polynomial for the AP ring Ω(A5) is thus given by q(X) =
(X− 60)(X− 30)(X− 20)(X− 15)(X− 12)(X− 10)(X− 6)(X− 5)(X− 3)(X−
2)(X − 1)X.
References
[1] W. S. Burnside, Theory of Groups of Finite Order, second ed., Cambridge
University Press ,1911.
[2] T. Craven, Witt rings and orderings of skew fields, J. Algebra, 77, 74–96
(1982).
[3] A. Dress, A Characterisation of Solvable Groups, Math. Z., 110, 213–217
(1969).
[4] J. Kleinstein, A. Rosenberg, Witt rings of higher level, Bull. Inst. Math.
Acad. Sinica ,8, No. 2/3, Part II (1980).
[5] M. Knebusch, A. Rosenberg, R. Ware, Structure of Witt rings and quotients
of abelian group rings, Amer. J. Math. 94, 119–155 (1972).
[6] T. Y. Lam, The algebraic theory of quadratic forms, (Reading Mass., 1973).
[7] D. W. Lewis, Annihilating polynomials for quadratic forms, IJMMS 27,
No. 7, 449–455 (2001).
[8] D. W. Lewis, Witt Rings as Integral Rings, Invent. Math. 90, 631–633
(1987).
[9] D. W. Lewis, J.-P. Tignol, Square Class Groups and Witt Rings of Central
Simple Algebras, J.Algebra 154, 360–376 (1993).
[10] M. Marshall, Abstract Witt rings, Queen’s Papers in Pure and Applied
Mathematics, 57 (1980).
[11] W. Scharlau, Quadratic and Hermitian forms, (Springer-Verlag Berlin-
Heidelberg-New York-Tokyo, 1985).
[12] A. Sladek, Witt rings of skew fields, (English) Pr. Nauk. Uniw. Slask.
Katowicach 1079, 50 p. (1989).
16
[13] T. tom Dieck, Transformation groups and representation theory, (Springer-
Verlag Berlin-Heidelberg-New York-Tokyo, 1979).
David W. Lewis
School of Mathematical Sciences
University College Dublin
Belfield, Dublin
Ireland
e-mail: david.lewis@ucd.ie
Stefan De Wannemacker
Faculty of Applied Economic Sciences
University of Antwerp
Prinsstraat 13, 2000 Antwerp
Belgium
e-mail: stefan.dewannemacker@ua.ac.be
17
